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Numerous papers deal with the Equivalent Plate Model (EPM) for corrugated panels. Comparison of pub- 
lished formulas for the four relevant equivalent bending stiffnesses D eq 
11 
, D eq 
22 
, D eq 
66 
, and D eq 
12 
revealed am- 
biguities: Three different formulas were found for D eq 
22 
, which describes the bending of the ridges and 
troughs; for D eq 
66 
two ‘competing’ formulas emerged. Expressions not converging to the ﬂat-plate values in 
the limit of vanishing corrugation height were discarded. All discussed formulas are written in a uniform 
notation for general one-dimensionally periodic shapes. Formulas derived for isotropic panel materials 
were generalized to the orthotropic case. In order to resolve the ambiguities and assess the EPM with 
regard to its range of applicability, vibration modes of six rectangular corrugated panels were measured. 
While agreement with numerical results obtained with COMSOL was fair, the EPM predictions of natu- 
ral frequencies were satisfactory only for low-order modes. Finally, equivalent bending stiffnesses were 
determined numerically from COMSOL results for a few low-order modes by inverse methods. Thus the 
ambiguities with regard to D eq 
22 
and D eq 
66 
could be resolved. However, the D eq 
12 
values determined numeri- 
cally came out signiﬁcantly larger than the EPM prediction, in particular for stronger corrugations. Even 
though this discrepancy had little effect on the natural frequencies tested in the present paper, it remains 
a theoretical challenge. 
© 2016 The Authors. Published by Elsevier Ltd. 
This is an open access article under the CC BY-NC-ND license 
( http://creativecommons.org/licenses/by-nc-nd/4.0/ ). 
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0. Introduction 
For a long time the bending of corrugated panels is conve-
iently described by a model in which the corrugated panel is re-
laced by an ‘equivalent’ ﬂat homogeneous orthotropic thin plate.
he bending properties of the corrugated panel are characterized
nd theoretically approximated by ‘equivalent bending stiffnesses’.
umerous papers were published over the course of decades ad-
ressing various corrugation proﬁles like sinusoidal, trapezoidal or
ith circular segments. Different approaches have been used and
artly differing results were obtained. It is not intended to pro-
ide a comprehensive literature review. Rather, a synopsis is pre-
ented in Section 2 with those results considered most relevant.
hey are ‘translated’ into a unique formulation for general one-
imensionally periodic shapes. Some explicit expressions for sinu-
oidal and trapezoidal shapes are given in the Appendix. Further-
ore, derivations assuming isotropic panel materials were general-∗ Corresponding author. 
E-mail addresses: yohko.aoki@ibp.fraunhofer.de (Y. Aoki), maysenhoelder@ 
bp.fraunhofer.de (W. Maysenhölder). 
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http://dx.doi.org/10.1016/j.ijsolstr.2016.07.042 zed to orthotropic panel materials. This literature evaluation ends
p with undisputed expressions for two of the equivalent bending
tiffnesses and with two or three differing expressions for the two
emaining stiffnesses. 
The Equivalent Plate Model (EPM) was assessed by studying
he natural frequencies of free rectangular panels with sinusoidal
r symmetric trapezoidal corrugation both experimentally and nu-
erically using FEM. Section 3 presents results for three sinusoidal
nd three trapezoidal panels. The fair agreement between mea-
ured natural frequencies and FEM values indicates that (i) the ex-
erimental setup was close to the intentions and (ii) the FEM mod-
ling using thin-shell elements was appropriate. Thus, these re-
ults can be considered a reasonable reference to judge the equiva-
ent orthotropic-thin-plate model. The EPM predictions – the men-
ioned ambiguities are resolved in the following section – generally
nderestimate the reference values except for low-order modes. 
In Section 4 two inverse methods for obtaining equivalent stiff-
esses from measured or calculated vibration modes are applied
o generate stiffness values for comparison with the EPM ex-
ressions. Naturally, with the results of Section 3 in mind, low-
rder modes were used. In this way convincing agreement wasnder the CC BY-NC-ND license ( http://creativecommons.org/licenses/by-nc-nd/4.0/ ). 
erimental and numerical assessment of the equivalent- 
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Fig. 1. Geometric description of corrugation proﬁle. (See the web version of this 
article for all ﬁgures in color.) 
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hobtained for three of the four equivalent stiffnesses, and the ambi-
guities could be removed. However, a signiﬁcant discrepancy was
observed in case of one of the equivalent stiffnesses. This is dis-
cussed in Section 5 , which also summarizes the EPM formulas
used in Section 3 . Concluding remarks address the applicability
from a somewhat more general perspective. A preliminary account
of parts of the present work was presented at Forum Acusticum
( Aoki and Maysenhölder, 2014 ). 
2. Equivalent plate model (EPM) 
2.1. Geometric corrugation description 
Fig. 1 shows the cross-section of a unit cell of a singly curved
periodic panel and the variables used for its geometric description.
L 0 is the period. The x-axis runs across the ridges and troughs,
while the y-axis runs along them. It is understood that the x-axis
passes through the centroid of the unit cell and hence coincides
with the neutral axis ( Hansen, 1993 ). The corrugation proﬁle is
deﬁned by the z-coordinate of the middle surface, z m , as a func-
tion of x . The corrugation height, H 0 , is taken as the difference be-
tween the maximum and minimum of z m ( Bartolozzi et al., 2014 ).
It is assumed that the thickness of the panel, h , is everywhere the
same. It is measured perpendicular to the middle surface giving
rise to the bottom and top surfaces with z-coordinates z b and z t ,
which enclose the middle surface halfway in between. The differ-
ence z t ( x ) −z b ( x ) is greater than or equal h ; equality applies at po-
sitions x where the slope of z m is zero (provided the height H 0 
is not too big). More precisely, the outer surfaces may be deﬁned
– in the language of integral geometry – via Minkowski addition
( Chiu et al., 2013 ) of the line z m ( x ) and a disk with radius h /2. This
makes the deﬁnition unique also for shapes with sharp bends like
trapezoidal ones. 
An important quantity appearing in the formulas for the equiv-
alent stiffnesses is the ratio of the arc-length of the middle-surface
in one period, L s , to the period L 0 : 
L s 
L 0 
= 1 
L 0 
∫ L 0 
0 
√ 
1 + 
(
d z m 
d x 
)2 
d x 
= 1 
2 π
∫ 2 π
0 
√ 
1 + 4 π2 
(
H 0 
L 0 
)2 (d ζm 
d ϕ 
)2 
d ϕ (1)
After the second equality sign normalized x- and z-coordinates
have been introduced via ϕ =2 π x / L 0 (with z m ( ϕ)=z m ( x ) under-
stood) and ζ =z / H 0 . By this means it is immediately obvious that
in the limit of inﬁnite period L 0 , with shape ζm ( ϕ) and height H 0 
kept constant, the ratio L s / L 0 becomes unity. In the sequel this nor-
malized representation will lead to compact expressions which fa-
cilitate the identiﬁcation of dependencies and relations. The func-
tions z b ( x ) and z t ( x )are in general rather complicated and cannot
always be expressed explicitly (see Appendix). Please cite this article as: Y. Aoki, W. Maysenhölder, Exp
orthotropic-thin-plate model for bending of corrugated panels
http://dx.doi.org/10.1016/j.ijsolstr.2016.07.042 Eq. (1) implies single-valued functions z m ( x ) or ζm ( ϕ); this
xcludes re-entrant forms dealt with, e.g., by Kress and Win-
ler (2010) . Similarly, ζ b ( ϕ) and ζ t ( ϕ) should be single-valued ev-
rywhere as well, i.e. the thickness h must be suﬃciently small.
lso, shapes like corrugated cylinders are not considered in this
aper, which is conﬁned to ‘globally’ ﬂat panels and – in the ex-
mples – to symmetric shapes with a center of inversion at x c 
nd z m ( −x + x c ) = −z m ( x −x c ), in particular sinusoidal and symmet-
ic trapezoidal shapes. 
.2. Bending of orthotropic thin plates 
For free vibration of orthotropic homogeneous thin (ﬂat) plates
he differential equation for the displacement w in the z -direction
ue to bending reads ( Lekhnitskii, 1984 , Section 91) 
w¨ = D 11 ∂ 
4 w 
∂ x 4 
+ 2 ( D 12 + 2 D 66 ) ∂ 
4 w 
∂ x 2 ∂ y 2 
+ 4 D 16 ∂ 
4 w 
∂ x 3 ∂y 
+4 D 26 ∂ 
4 w 
∂ x∂ y 3 
+ D 22 ∂ 
4 w 
∂ y 4 
(2)
ith the areal mass density μ, the product of the density ρ and
he thickness h . When the orthotropy axes are aligned with the x-
nd y-axes, D 16 and D 26 are equal to zero. The other four bending
tiffnesses are given in terms of the material properties, Young’s
oduli E 11 and E 22 , Poisson’s ratios ν12 and ν21 , and shear modu-
us G 12 ( Lekhnitskii, 1984 , Section 61): 
D 11 = E 11 
1 − ν12 ν21 
I , D 22 = E 22 
1 − ν12 ν21 
I , 
 12 = ν12 D 22 = ν21 D 11 , D 66 = G 12 I, (3)
here I = h ³/12 denotes the second moment of inertia per unit
ength. For inﬁnite plates the combination D 12 + 2 D 66 can be con-
idered as a total torsional stiffness ( Leissa, 1993 , Section 9.2;
imoshenko and Woinowsky-Krieger, 1959 , chapter 11, Eq. (212)-
). This implies that the number of independent elastic parame-
ers reduces from nine in the orthotropic solid to three in the or-
hotropic thin plate. However, in boundary conditions, in partic-
lar in those involving free edges, D 12 and D 66 occur separately
 Dickinson, 1978 ). Therefore all four stiffnesses D ij of Eq. (3) have
o be dealt with for an equivalent thin plate model which is appli-
able to ﬁnite corrugated panels, too. In the following this model is
alled Equivalent Plate Model and sometimes abbreviated by EPM
in the style of EFM for the Equivalent Fluid Model for ﬂuid-ﬁlled
orous structures). 
Such a plate model should allow a reliable prediction of the
global’ behavior of the corrugated panel, be it inﬁnite or ﬁnite, us-
ng an ‘equivalent areal mass density’ μeq and ‘equivalent bending
tiffnesses’ D 
eq 
i j 
. For the sake of brevity and clarity these ‘equiva-
ent’ quantities are normalized by their ﬂat-plate analogs: 
ˆ eq = μ
eq 
μ
, ˆ D eq 
i j 
= 
D eq 
i j 
D i j 
. (4)
Analytical determinations of the D 
eq 
i j 
which use the right-hand
ides of Eq. (3) imply additional equivalent quantities (cf. Yokozeki
t al., 2005; Isaksson et al., 2007; Bartolozzi et al., 2014 ): 
ˆ 
 
eq 
ii 
= E 
eq 
ii 
E ii 
, ˆ νeq 
i j 
= 
νeq 
i j 
νi j 
, ˆ G eq 
12 
= G 
eq 
12 
G 12 
, ˆ I eq = I 
eq 
I 
. (5)
onsequently, 
ˆ D eq 
12 
ˆ D eq 
11 
= D 
eq 
12 
ν21 D 
eq 
11 
= ν
eq 
21 
ν21 
= ˆ νeq 
21 
, 
ˆ D eq 
12 
ˆ D eq 
22 
= ˆ νeq 
12 
. (6)
One may even deﬁne a normalized equivalent thickness ˆ h eq =
 
eq /h , which, with I = h 3 /12 and I eq = ( h eq ) 3 /12, always results in
ˆ 
 
eq = 3 
√ 
ˆ I eq . erimental and numerical assessment of the equivalent- 
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b.3. Literature synopsis and evaluation 
The equivalent areal mass density should account for the total
ass per period and is commonly taken as 
ˆ eq = L s 
L 0 
. (7) 
The ﬁrst estimate of equivalent stiffnesses of corrugated panels
ates back to 1931 and is due to Seydel (1931) . The most recent
ontribution was issued by Ye et al. (2014) . Obviously, the subject
s old but still not completely settled. In particular, there are dis-
repancies between results for D 
eq 
i j 
in different papers. Which re-
ults are best? In order to answer this question some promising
andidates are compiled below. An important criterion during the
election was the requirement that in the limit of vanishing cor-
ugation height H 0 the equivalent stiffnesses D 
eq 
i j 
must converge to
he D 
i j 
of the corresponding ﬂat plate: 
lim 
 0 →0 
ˆ D eq 
i j 
= 1 . (8) 
Expressions not in accordance with Eq. (8) were discarded.
here are mainly two reasons for not complying with this rather
rivial limit. The ﬁrst reason is simple: the equivalent stiffness is
et to zero, e.g. D 
eq 
11 
in Luo et al. (1992 ) and D 
eq 
12 
in Seydel (1931 ),
asley and McFarland (1969 ) and Samanta and Mukhopadhyay
1999 ). Easley and McFarland (1969) stated that this simpliﬁcation
s valid only if D 
eq 
22 
 D eq 
11 
. The second reason is neglecting the Pois-
on effect, e.g. in the expressions for D 
eq 
22 
by Seydel (1931) , and for
 
eq 
11 
and D 
eq 
22 
by McFarland (1967) and Samanta and Mukhopad-
yay (1999) . Hansen (1993) considered only the “torsional stiff-
ess” and assumed a special value: 
 
eq 
12 
+ 2 D eq 
66 
= 
√ 
D eq 
11 
D eq 
22 
, (9)
hich precludes agreement with Eq. (8) in the general case. 
The literature research associated with this selection procedure
as quite tedious because of different notations, different deﬁ-
itions, incomplete simpliﬁcations, and unnecessary lack of gen-
rality. The ﬁnal choice consists of one expression for ˆ D 
eq 
11 
and
ˆ 
 
eq 
12 
each, three expressions for ˆ D 
eq 
22 
and two expressions for ˆ D 
eq 
66 
.
he corresponding formulas in the sources have been ’translated’
o the notation introduced above in favor of a consistent and
ompact representation. Additionally, the expressions proposed in
he literature are generalized in terms of (i) orthotropic mate-
ial properties and (ii) geometric generality. Most authors except
uo et al. (1992) assume an isotropic panel material. However, gen-
ralization to orthotropic panel materials is essentially straightfor-
ard provided the orthotropic axes are aligned with the x- and
-coordinates. Regarding geometric generality, the equivalent stiff-
esses in the literature were often derived for speciﬁc proﬁles with
inusoidal or trapezoidal shapes. Moreover, the proﬁle is mostly as-
umed to be symmetric ( Samanta and Mukhopadhyay, 1999; Liew
t al., 20 06, 20 09; Kress and Winkler, 2010; Xia et al., 2012 ). In
he present paper, the expressions for the equivalent stiffnesses are
ormulated by means of the middle surface z m . Therefore, they can
e evaluated for any corrugation proﬁle with single-valued peri-
dic function z m ( x ). However, the coupling between bending and
xtensional deformations can only be neglected, if the proﬁle is
ymmetric in the sense speciﬁed in Section 2.1 ( Ye et al., 2014 ). 
The results for ˆ D 
eq 
11 
and ˆ D 
eq 
12 
, 
ˆ 
 
eq 
11 
= ˆ D eq 
12 
= L 0 
L s 
, (10) 
re simple and commonly accepted in the literature. In the limit of
ero height the arc-length L s becomes equal to the period L 0 and
ompatibility with Eq. (8) is assured. The result for ˆ D 
eq 
11 
was ﬁrstPlease cite this article as: Y. Aoki, W. Maysenhölder, Exp
orthotropic-thin-plate model for bending of corrugated panels
http://dx.doi.org/10.1016/j.ijsolstr.2016.07.042 roposed in 1931 by Seydel. It is evident from Eq. (3)-c that the
quality ˆ D 
eq 
11 
= ˆ D eq 
12 
implies 
 
eq 
12 
= ν21 D eq 11 , (11) 
hich in turn entails νeq 
12 
= ν21 : The equivalent Poisson’s ratio νeq 12 
f the corrugated panel is identical to ν21 of the panel material. It
s somewhat surprising, that the material property ν21 enters the
et of ‘equivalent parameters’ directly, i.e. without being modiﬁed
y the corrugation. However, no discussion of this observation was
ound in the literature. 
For ˆ D 
eq 
22 
three expressions, all in accordance with the limit
8) and not smaller than unity, remain to be assessed: 
(a) ˆ D eq (a ) 
22 
= 1 + ( 1 − ν12 ν21 ) ˜  
(b) ˆ D eq (b) 
22 
= ˜ ˜ 
(c) ˆ D eq(c) 
22 
= ν12 ν21 L 0 
L s 
+ ( 1 − ν12 ν21 ) ˜  ˜ , (12) 
ith single and double integrals 
˜ = 6 
π
(
H 0 
h 
)2 ∫ 2 π
0 
ζ 2 m d ϕ , 
˜ ˜  = 6 
π
(
H 0 
h 
)3 ∫ 2 π
0 
∫ ζt 
ζb 
ζ 2 d ζ d ϕ . 
(13) 
The derivation of the ﬁrst formula by Briassoulis (1986) is
ased on force and moment equilibrium. The second formula
 Luo et al.,1992 ) and the third one ( Ye et al., 2014 ) originate from
veraging the second moment of inertia over one period. The
erivation of the original form of the third formula is detailed in
e (2013 , chapter 5). Higher order terms are ignored in ˆ D 
eq(c) 
22 
, as
n the examples considered here the effect was found negligible.
ia et al. (2012) derived a set of the equivalent stiffnesses based
n strain energy analysis by additional consideration of the exten-
ional stiffnesses. Nevertheless, the model of Xia et al. (2012) yields
 formula in curvilinear coordinates equivalent to Eq. (12) -b. 
While ˜  obviously does not depend on the period L 0 , this is
ot true for ˜ ˜  , since the integration bounds ζ b and ζ t depend
n L 0 , because the derivative d z m /d x = 2 π ( H 0 / L 0 )d ζm /d ϕ enters the
ounds in a nonlinear way. Therefore, normalization does not elim-
nate the dependence on L 0 . 
For reasons of elastic stability ( Jones, 1999 , p. 68f.) one has 0 ≤
12 ν21 < 1, hence 
 < 1 − ν12 ν21 ≤ 1 . (14) 
This ensures that the ﬁrst expression Eq. (12) -a is never smaller
han unity. The fact that the thickness h represents the mini-
um ‘vertical’ distance between upper and lower surfaces leads
o a lower limit for the double integral ˜ ˜  . With the inequalities
 b ( x ) ≤ z m ( x ) −h /2 and z m ( x ) + h /2 ≤ z t ( x ), which are plau-
ible with the Minkowski sum in mind (see Section 2.1 ), one ob-
ains 
˜ ˜ = 6 
π
(
H 0 
h 
)3 ∫ 2 π
0 
∫ ζt 
ζb 
ζ 2 d ζ d ϕ ≥ 6 
π
(
H 0 
h 
)3 
×
∫ 2 π
0 
∫ ζm + h/ (2 H 0 ) 
ζm −h/ (2 H 0 ) 
ζ 2 d ζ d ϕ 
= 6 
π
(
H 0 
h 
)3 ∫ 2 π
0 
( 
1 
12 
(
h 
H 0 
)3 
+ h 
H 0 
ζ 2 m 
) 
d ϕ 
= 1 + 6 
π
(
H 0 
h 
)2 ∫ 2 π
0 
ζ 2 m d ϕ = 1 + ˜ . (15) 
With Eq. (14) one concludes that ˆ D 
eq(a) 
22 
≤ ˆ D eq(b) 
22 
. ˆ D 
eq(c) 
22 
is
ounded from below not only by unity, but – using Eq. (15) –erimental and numerical assessment of the equivalent- 
, International Journal of Solids and Structures (2016), 
4 Y. Aoki, W. Maysenhölder / International Journal of Solids and Structures 0 0 0 (2016) 1–13 
ARTICLE IN PRESS 
JID: SAS [m5G; November 28, 2016;16:56 ] 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 2. Panel in the testing room; detail of hanging. 
o  
i  
t  
s  
S
3
 
F  
s  
u  
f  
p  
v  
e  
a  
w  
l  
l  
T  
b  
o
3
 
w  
e  
t  
s  
s  
w  
m  
I  
g  
t
 
n  
t  
f
E  
ν  also by 
1 + ( 1 − ν12 ν21 ) ˜   − ν12 ν21 
(
1 − L 0 
L s 
)
= ˆ D eq(a) 
22 
− ν12 ν21 
(
1 − L 0 
L s 
)
≤ ˆ D eq(c) 
22 
. (16)
This bound is usually smaller than ˆ D 
eq(a) 
22 
. In the example eval-
uated below ˆ D 
eq(a) 
22 
< ˆ D 
eq(c) 
22 
< ˆ D 
eq(b) 
22 
was found (see Section 4 ). 
For ˆ D 
eq 
66 
there is a choice to make between two formulas: 
( a ) ˆ D 
eq(a) 
66 
= 1 , (b) ˆ D eq(b) 
66 
= L s 
L 0 
. (17)
Briassoulis (1986) suggested the ﬁrst one based on numeri-
cal results using Finite Elements; Kress and Winkler (2010) ar-
rive at the same result. The second formula was ﬁrst suggested
by Seydel (1931) and is more commonly used in the literature
( McFarland, 1967; Kress and Winkler, 2010; Xia et al., 2012 ). Ob-
viously, for non-vanishing corrugation height ˆ D 
eq(b) 
66 
> ˆ D 
eq(a) 
66 
. 
Keeping the corrugation height H 0 and the shape ζm ( ϕ) con-
stant and increasing the period L 0 to inﬁnity results in vanishing
curvature for smooth proﬁles (without sharp bends). Then the ratio
L s / L 0 approaches unity (cf. Eq. (1) ) like in the limit of zero corruga-
tion, H 0 → 0. Therefore the proposed expressions for ˆ D eq 11 , ˆ D 
eq 
12 
and
ˆ D 
eq 
66 
converge to unity as well also in this limit. This is not true for
the ˆ D 
eq 
22 
expressions (12) , if H 0 > 0. Obviously, the ﬁrst one does
not depend on the period at all and is greater than one; the second
and – according to Eq. (16) – also the third are never smaller than
the ﬁrst in this limit. At ﬁrst sight this discovery might be regarded
as a deﬁciency, because a thin shell with vanishing curvature will
behave like a ﬂat thin plate. This is certainly true locally, however,
what enters the equivalent stiffness along the corrugations is an
average over one period involving the square of the slope of the
shape, which does not vanish. Equivalent stiffness implies homog-
enization, which in turn implies consideration of at least one pe-
riod. Therefore the purely local reasoning is insuﬃcient. 
In the limit L 0 → ∞ the ζ -integration in the expression ˜ ˜  can
be carried out explicitly, because – together with the curvature –
the slope of ζm tends to zero as well. Therefore the integration
limits become simple (see the right-hand side of the inequality
(15) ) resulting in lim 
L 0 →∞ 
˜ ˜  = 1 + ˜  . In summary one obtains 
1 + ( 1 − ν12 ν21 ) ˜   = ˆ D eq(a) 22 = lim L 0 →∞ 
ˆ D eq(c) 
22 
≤ lim 
L 0 →∞ 
ˆ D eq(b) 
22 
= 1 + ˜ . 
(18)
As a result of the literature study there are seven expres-
sions for the four relevant ˆ D 
eq 
ij 
. The formulation is in terms of a
shape function and can be applied to any ‘well-behaved’ shape
(e.g. avoiding re-entrant forms). Moreover, the panel material need
not be isotropic but may be orthotropic with the orthotropic axes
aligned with the Cartesian coordinates. The ambiguities with ˆ D 
eq 
22 
and ˆ D 
eq 
66 
remain to be resolved. Rather than going into the details
of the numerous theoretical derivations we intend to assess the
quality of these equivalent stiffness expressions by their ability to
predict the eigenfrequencies of rectangular corrugated panels. 
3. Vibration modes of free rectangular panels 
Natural frequencies of rectangular corrugated panels were
obtained by both experimental modal analysis and Finite Ele-
ment (FE) calculations. It was decided to choose free bound-
aries, since these are the most feasible for experiments compared
to the other common boundary conditions such as simply sup-
ported or clamped. (How could a corrugated edge be simply sup-
ported?). The natural frequencies of the corresponding equivalentPlease cite this article as: Y. Aoki, W. Maysenhölder, Exp
orthotropic-thin-plate model for bending of corrugated panels
http://dx.doi.org/10.1016/j.ijsolstr.2016.07.042 rthotropic plates were determined as well by FE calculations us-
ng equivalent areal densities and bending stiffnesses discussed in
he previous section. In the two cases with ambiguities the ver-
ions ˆ D 
eq(c) 
22 
and ˆ D 
eq(b) 
66 
were selected. This choice is justiﬁed in
ection 4.3 . 
.1. Measurement setup 
A panel was hung from the ceiling of a testing room of the
raunhofer Institute for Building Physics using two fairly vertical
teel wires with a diameter of 4 mm laced through holes near the
pper two corners (see Fig. 2 ). This setting should approximate
ree boundaries. The frequency response function of the ’out-of-
lane’ vibration of the panels was measured with a Polytec laser
ibrometer. Scanning was restricted to the upper halves of the pan-
ls. The number of points in the rectangular grids was between 99
nd 156 (9–12 rows of 10–15 points). For a reference signal a light-
eight accelerometer (B&K 4375, 2.4 g) was attached to the lower
eft corner of the panel. Non-contact excitation was achieved by a
oudspeaker with a distance from the panel of approximately 1 m.
he modes and its frequencies were identiﬁed by means of the vi-
rometer software version 7.3, which does not allow for separation
f overlapping modes. 
.2. Finite-element calculations 
The FE calculations for the corrugated panels were performed
ith the software COMSOL (version 5.0). Thin-shell elements were
mployed without constraining of degrees of freedom. This means
hat not only the displacement component normal to the panel
urface is calculated, but also the two components parallel to the
urface. Hence, the FE formulation is more general than Eq. (2) ,
hich completely ignores in-plane motions. Clear-cut ’in-plane
odes’ obtained by COMSOL are accordingly just omitted here.
deal free boundary conditions are assumed. Air-loading is ne-
lected. Mapped-mesh grids appropriate for the rectangular con-
our were applied: eight elements per period L 0 . 
The natural frequencies of the equivalent plates were obtained
umerically, too, but with equivalent Young’s moduli, Poisson’s ra-
ios and shear modulus in order to comply with the material data
ormat in COMSOL. From Eq. (3) one obtains 
 
eq 
11 
I eq = D eq 
12 
(
D eq 
11 
D eq 
12 
− D 
eq 
12 
D eq 
22 
)
, E eq 
22 
I eq = D eq 
12 
(
D eq 
22 
D eq 
12 
− D 
eq 
12 
D eq 
11 
)
, (19)
eq 
12 
= D 
eq 
12 
D eq 
, νeq 
21 
= D 
eq 
12 
D eq 
, G eq 
12 
I eq = D eq 
66 
. (20)22 11 
erimental and numerical assessment of the equivalent- 
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Table 1 
Steel properties used in the calculations . 
Young’s moduli E 11 = E 22 200 GPa 
Poisson’s ratios ν12 = ν21 0 .33 
Loss factor η 0 .001 
Density ρ 7850 kg/m 3 
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Fig. 3. Sinusoidal shape and ‘similar’ trapezoidal shape. 
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(The resulting equivalent moduli depend on the equivalent sec-
nd moment of inertia per unit length, I eq , which, however, cannot
e uniquely determined on the basis of the thin-plate differential
quation, Eq. (2) . Speciﬁcation of I eq requires a decision on equiva-
ent areal density and equivalent thickness. With Eq. (7) the equiv-
lent areal density is ﬁxed. It can be written as 
eq = ρ h L s 
L 0 
= ρeq h eq , ρeq = ρ
(
L s 
L 0 
)q 
, h eq = h 
(
L s 
L 0 
)1 −q 
(21)
uggesting possible choices for ρeq and h eq as functions of the ex-
onent q . Since I eq = ( h eq ) 3 /12, the values of the equivalent mod-
li depend on q . Nevertheless, the numerically calculated natural
requencies should not depend on q provided q remains within a
reasonable’ range, e.g. between 0 and 1. Here q = 0 was adopted. 
.3. Tested panels 
Six steel panels were purchased for the measurements: three
ith sinusoidal proﬁles and three with symmetric trapezoidal pro-
les. The values of the steel properties used in the calculations are
iven in Table 1 . Geometric information and the panel masses are
ummarized in Table 2 . The length along the x-axis, L x , of the si-
usoidal panels ﬂuctuates with situation (lying, hanging …) up to
bout 50 mm. As this is considerable, a ‘representative length’ L 
rep 
x 
ad to be chosen for the calculations. The ﬂuctuations of the thick-
ess h are smaller than 0.03 mm (sinusoidal) or 0.05 mm (trape-
oidal). Unfortunately, the same thickness for both proﬁle types
as not accomplished because of a supply restriction. 
While the sinusoidal proﬁle runs through the whole length L x ,
he ‘true’ trapezoidal proﬁle is restricted to an integer number p x 
f periods L 0 . Outside this periodic range the trapezoidal panels
ave a ﬂat piece of length L F at z = −H 0 /2 on both sides. The length
 y is the same for all six panels (1480 mm); it is also expressed as
 multiple of the period, p y . Therefore 
 x = p x L 0 + 2 L F , L y = p y L 0 (22)
ith L F =0 for the sinusoidal panels. The calculation of the equiv-
lent stiffnesses is not affected by the nonzero L F of the trape-
oidal panels. However, in the calculations of the natural frequen-
ies with COMSOL the ﬂat end pieces of the trapezoidal panels are
ccounted for. They are modeled exactly in the corrugated panel
eometry or contained in the length L x according to Eq. (22) for
he equivalent ﬂat plate, respectively. 
The (symmetric) trapezoidal proﬁles were designed to resemble
he sinusoidal proﬁles as much as possible ( Fig. 3 ). The trapezoidal
eam arrangement can be uniquely determined by three parame-
ers, viz. L 0 , L s and θ0 , the angle of the oblique elements with re-
pect to the x-axis (see Fig. 3 ). The parameters L 0 and L s are taken
o be identical to those of the sinusoid. (The arc-length of the si-
usoid results in the complete elliptic integral of the second kind
see Appendix), while it is simply the sum of the beam lengths for
he trapezoid.) The parameter θ0 is set equal to the slope of the
id-surface of the sinusoid at a crossing with the x-axis: 
0 = arctan 
(
π H 0 
L 0 
)
sinusoid 
(23) Please cite this article as: Y. Aoki, W. Maysenhölder, Exp
orthotropic-thin-plate model for bending of corrugated panels
http://dx.doi.org/10.1016/j.ijsolstr.2016.07.042 As a consequence of this assignment the corrugation height H 0 
f a trapezoidal proﬁle is smaller than that of the corresponding
inusoidal proﬁle (see Fig. 3 and column 2 of Table 2 ). 
The practical realization of this correspondence was virtually
xact with respect to the period L 0 . The trapezoidal arc-lengths
er period were slightly shorter by about 2% to 3% (between 1 and
 mm) compared to the sinusoidal target value. 
.4. Results 
Figs. 4–6 show three sets of natural frequencies for all six pan-
ls: as measured (“meas”) and as calculated numerically for cor-
ugated geometry (“calc”) and as predicted by the Equivalent Plate
odel (“EPM”). The modes are labeled by two mode indices, m and
 , indicating the number of nodal lines approximately parallel to x-
nd y-axis, respectively. The frequencies are plotted over the mode
ndex m . Different values of the index n are distinguished by differ-
nt colors. Lines connecting the symbols are guides to the eye. (The
ines belonging to n = 0 and n = 1 almost coincide.) Figs. 5 and 6 for
he larger periods show a smaller number of “meas” and “calc” fre-
uencies than Fig. 4 for L 0 =76 mm, since some of the found modes
ould not be identiﬁed as clear-cut ‘out-of-plane modes’. 
Agreement between measured results and results calculated for
orrugated geometry is generally good for all six panels . The sepa-
ation between the two corresponding lines slightly grows with the
ode index n . This is probably because the experimental boundary
onditions become increasingly less free with rising frequency. In
he case of the trapezoidal panel 76/15 a larger discrepancy is no-
iceable for n ≥ 4. 
The good agreement – especially for lower n – is considered as
 conﬁrmation of the reference against which the equivalent ﬂat
odel is checked. On the one hand it conﬁrms that the experimen-
al realization largely meets the intentions and on the other hand
t indicates that it is justiﬁed to use numerical results for compar-
son with equivalent plate results when experimental results are
ot available. 
The prediction of the Equivalent Plate Model is close to the
easured and calculated reference values for n = 0 and 1 with m
p to at least 6 and for m = 2 with n up to 3. The rise of the “EPM”
ines with increasing m becomes gentler as the mode index n in-
reases, while the rise of the “meas” and “calc” lines is rather in-
ependent of the mode index n . Besides, the underestimate of the
rediction for n ≥ 2 grows with increasing m . 
Fig. 7 provides a quantitative assessment of the EPM frequency
redictions for the sinusoidal panel 76/18 (used data: “EPM” and
calc” from Fig. 4 ). The relative difference ( f EPM − f calc )/ f calc is pos-
tive and below 2.5% for n = 0 and 1. For greater n the difference
s negative. For n = 2 its magnitude stays below 10%. For n > 2
t exceeds 10% for m > 5. Evaluation for the longer periods L 0 of
11 mm and 160 mm leads essentially to the same conclusion that
he Equivalent Plate Model is good only for lower-order modes
with even somewhat smaller range of m and n ). erimental and numerical assessment of the equivalent- 
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Fig. 4. Three sets of natural frequencies of the sinusoidal panel 76/18 and the trapezoidal panel 76/15 plotted over the mode index m . Measured: dots on dashed lines 
("meas"); calculated for corrugated geometry: circles on solid lines (“calc”); predicted by the equivalent ﬂat plate model: dots on dotted lines (“EPM”). The lines connecting 
the symbols are guides to the eye. 
Fig. 5. Three sets of natural frequencies of the sinusoidal panel 111/27 and the trapezoidal panel 111/22 plotted over the mode index m . Measured: dots on dashed lines 
("meas"); calculated for corrugated geometry: circles on solid lines (“calc”); predicted by the equivalent ﬂat plate model: dots on dotted lines (“EPM”). The lines connecting 
the symbols are guides to the eye. 
Please cite this article as: Y. Aoki, W. Maysenhölder, Experimental and numerical assessment of the equivalent- 
orthotropic-thin-plate model for bending of corrugated panels, International Journal of Solids and Structures (2016), 
http://dx.doi.org/10.1016/j.ijsolstr.2016.07.042 
Y. Aoki, W. Maysenhölder / International Journal of Solids and Structures 0 0 0 (2016) 1–13 7 
ARTICLE IN PRESS 
JID: SAS [m5G; November 28, 2016;16:56 ] 
Table 2 
Properties of the tested panels, which are labeled by L 0 / H 0 with both dimensions given in mm. The length L x 
of the sinusoidal panels depends on their situation (column 3); representative values L rep x are given in column 4, 
which also contains the length L F of the ﬂat end pieces of the trapezoidal panels. The length L y equals 1480 mm 
for all panels. 
Corrugation L 0 / H 0 L x [mm] 
L rep x [ mm ] , 
L F [ mm ] 
L s 
L 0 
p x p y h [mm] Mass [kg] 
Sinusoidal 76/18 1050 .. 1105 1060 1 .127 > 13 19 .47 1 .00 13 .8 
111/27 1060 .. 1108 1070 1 .133 > 9 13 .32 13 .7 
160/42 1030 .. 1090 1050 1 .153 > 6 9 .25 13 .8 
Trapezoidal 76/15 1050 31 1 .124 13 19 .47 1 .45 20 .0 
111/22 1105 53 1 .122 9 13 .32 21 .0 
160/34 1075 58 1 .137 6 9 .25 20 .7 
Fig. 6. Three sets of natural frequencies of the sinusoidal panel 160/42 and the trapezoidal panel 160/34 plotted over the mode index m . Measured: dots on dashed lines 
("meas"); calculated for corrugated geometry: circles on solid lines (“calc”); predicted by the equivalent ﬂat plate model: dots on dotted lines (“EPM”). The lines connecting 
the symbols are guides to the eye . 
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n  . Equivalent stiffnesses from vibration modes 
In Section 3 the Equivalent Plate Model was used to predict vi-
ration modes of corrugated panels from theoretically determined
quivalent stiffnesses. Now the opposite direction is explored: de-
ermination of equivalent stiffnesses from measured or calculated
ibration modes. This constitutes an additional means for examin-
ng the D 
eq 
i j 
expressions of Section 2 and for resolving the encoun-
ered ambiguities. 
Since the Equivalent Plate Model is expected to yield best
esults for low frequencies, low-order modes are preferred for
his purpose. (The concept of an Equivalent Plate Model with
requency-dependent equivalent stiffnesses is not pursued in this
aper.) Due to the good agreement between measured and calcu-
ated natural frequencies either values could be used. For two rea-
ons only calculated values are used: Firstly, there were no reliable
easured data for the lowest mode shapes, and secondly, addi-
ional results for panels with dimensions different from the tested
anels are quite easily obtained by calculation. Moreover, only si-
usoidal proﬁles are considered; trapezoidal proﬁles are expected
o lead to essentially the same conclusions. 
Next the two applied non-iterative inverse methods are
escribed. (For comparison see Deobald and Gibson (1988) ,Please cite this article as: Y. Aoki, W. Maysenhölder, Exp
orthotropic-thin-plate model for bending of corrugated panels
http://dx.doi.org/10.1016/j.ijsolstr.2016.07.042 allstrom et al. (1996) , Sol et al. (1997) and Batista et al. (2009) .)
hen the dependencies of the equivalent stiffnesses on panel di-
ensions and on the arc-length per period are studied. 
.1. Method using Dickinson’s frequency formula (DFF) 
Dickinson (1978) introduced an approximate formula for the
atural frequencies f mn of ﬂexural modes of homogeneous rect-
ngular orthotropic thin (ﬂat) plates with edges parallel to the or-
hotropy axes, 
f 2 mn = 
π2 
4 μ
[
D 11 
G 4 m 
L 4 x 
+ D 22 G 
4 
n 
L 4 y 
+ 2 D 12 
L 2 x L 
2 
y 
H m H n + 4 D 66 
L 2 x L 
2 
y 
J m J n 
]
, (24) 
ith coeﬃcients G m , H m , and J m , which are given in Table 3 for
ree edges. According to Blevins (2001 , p. 267f.) one can expect
he frequency f m n to be within 5% of the exact value. Since the
requency formula (24) originates from the Rayleigh-Ritz method,
t yields upper bounds for the exact values. 
For the determination of the four equivalent stiffnesses from
atural frequencies at least four modes are required. The simplesterimental and numerical assessment of the equivalent- 
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Fig. 7. Relative difference of the EPM frequency prediction and the numerical result 
“calc” for the sinusoidal panel 76/18. The meaning of the line colors is as in the 
preceding ﬁgures. 
Table 3 
Coeﬃcients G m , H m and J m for free edges. (For coeﬃcients with subscript n 
replace m by n .). 
m G m H m J m 
0 0 0 0 
1 0 0 12 
π2 
2 1 .506 1 .248 5 .017 
3, 4, 5, … ( m − 1 
2 
) ( m − 1 
2 
) 2 [ 1 − 4 
( 2 m −1 )π ] ( m − 1 2 ) 2 [ 1 + 12 ( 2 m −1 )π ] 
p
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Fig. 8. Shapes of the modes (1, 1), (2, 
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http://dx.doi.org/10.1016/j.ijsolstr.2016.07.042 ossible choice, (1, 1), (0, 2), (2, 0) and (2, 2), (see Fig. 8 ) leads to 
D eq 
11 
= 4 μ
eq 
π2 
L 4 x 
G 4 
2 
f 2 20 , D 
eq 
22 
= 4 μ
eq 
π2 
L 4 y 
G 4 
2 
f 2 02 , 
D eq 
12 
= 4 μ
eq 
π2 
L 2 x L 
2 
y 
2 H 2 H 2 
(
f 2 22 −
[
f 2 20 + f 2 02 + 
(
J 2 
J 1 
)2 
f 2 11 
])
, 
D eq 
66 
= 4 μ
eq 
π2 
L 2 x L 
2 
y 
4 J 2 
1 
f 2 11 . 
(25)
The approximate nature of Dickinson’s formula entails the fol-
owing consequences: As the approximations (25) for D 
eq 
11 
, D 
eq 
22 
, and
 
eq 
66 
are each determined by just one mode, they are lower bounds
f the exact values. From the expected 5% error for the natural fre-
uencies one arrives at about 10% error for these equivalent stiff-
esses. By contrast, D 
eq 
12 
depends on a linear combination of four
quared natural frequencies involving a difference. Therefore the
rror may accumulate considerably, and the D 
eq 
12 
estimate might be
n overestimate just as well (loss of lower-bound property). 
.2. Method of Grediac and Paris (G&P) 
Grediac and Paris (1996) presented a method which uses not
nly natural frequencies but also mode shapes, in particular the
ransverse displacement w and its second spatial derivatives. For a
ode ( m, n ) the essential relation reads in its simpliﬁed form with
 16 and D 26 set to zero and with S denoting the plate’s area: 
 
K xx mn 0 K 
yy 
mn 0 
0 K yy mn K 
xx 
mn 0 
0 0 0 2 K xy mn 
) ⎛ ⎜ ⎝ 
D 11 
D 22 
D 12 
D 66 
⎞ 
⎟ ⎠ =−2 π2 μeq f 2 mn 
( ∫ 
S w mn x 
2 dS ∫ 
S w mn y 
2 dS ∫ 
S w mn x y dS 
)
(26)0), (0, 2), (2, 2) (from COMSOL). 
erimental and numerical assessment of the equivalent- 
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Table 4 
Expressions for the normalized surface mass density and the normalized equivalent 
bending stiffnesses used in Section 3.4 and Fig. 10. 
Symbol Expression Equation number 
ˆ μeq L s 
L 0 
(7) 
ˆ D eq 
11 
= ˆ D eq 
12 
L 0 
L s 
(10) 
ˆ D eq 
22 
ν12 ν21 
L 0 
L s 
+ ( 1 − ν12 ν21 ) 6 π ( H 0 h ) 3 
∫ 2 π
0 
∫ ζt 
ζb 
ζ 2 d ζd ϕ (12) -c 
ˆ D eq 
66 
L s 
L 0 
(17) -b 
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xx 
mn = 
∫ 
S 
∂ 2 w mn 
∂ x 2 
dS , K yy mn = 
∫ 
S 
∂ 2 w mn 
∂ y 2 
dS , K xy mn = 
∫ 
S 
∂ 2 w mn 
∂ x ∂ y 
dS . 
(27) 
Applying this system of equations to at least three modes al-
ows determination of all four bending stiffness. This method is
xact in principle, not restricted to rectangular plates, and the stiff-
esses are obtained rather directly without iterations. The main
eakness of this method is its sensitivity to inaccuracies of the
odal displacements w m n , which may become particularly promi-
ent in the second derivatives. For the corrugated panels studied
ere this is especially true for K xx mn . The modes used are (1, 1), (0,
) and (2, 0) as recommended by Grediac and Paris (1996) . They
tated that D 12 is identiﬁed with the highest error – probably be-
ause D 12 exerts the smallest inﬂuence on the mode shapes – and
ends to overestimate the exact D 12 . Moreover, with orthotropic
lates the errors are larger than with isotropic plates. 
.3. Effect of panel size 
In the spirit of the Equivalent Plate Model the theoretical esti-
ates for the equivalent stiffnesses (presented in Section 2 ) should
e applicable to corrugated panels of any size as long as the lat-
ral dimensions are large enough in terms of the corrugation pe-
iod L 0 . Conversely, equivalent stiffnesses deduced from the modes
f differently sized panels should be the same. This expectation
s checked with two sets of panel sizes, which are expressed by
he numbers of periods along L x and L y , p x and p y (see Eq. (22) ).
n the ﬁrst set p x =15 and p y runs from 11 to 35 (red lines). In
he second set p y =15 and p x runs from 7 to 33 (blue lines). This
arameter study was carried out for the sinusoidal proﬁle with
 0 =76 mm and H 0 =18 mm ( h=1 mm). The results are contrasted
ith the theoretical estimates in Fig. 9 . The methods described in
ections 4.1 and 2.2 are abbreviated by ‘DFF’ and ‘G&P’, the Equiv-
lent Plate Model estimates by ‘EPM’, respectively. 
The results for ˆ D 
eq 
11 
estimated using DFF increase with p x and
 y , and appear to converge to just below the EPM value ( −0.3%).
he G&P values deviate from the EPM value of L 0 / L s ≈ 0.89 by a
ew percent, their variations being probably due to numerical inac-
uracies. Overall, the EPM estimate is clearly conﬁrmed. Similarly,
he DFF and G&P values for ˆ D 
eq 
22 
are close to each other (within
bout 2%) and close to the EPM estimate ˆ D 
eq(c) 
22 
and clearly exclude
he other two variants (a) and (b). G&P and EPM agree within
.1% for larger sizes. For ˆ D 
eq 
66 
the DFF estimates cover a broader
ange of about 10%, but – as lower bounds – already rule out the
PM expression ˆ D 
eq(a) 
66 
. The G&P are comparatively constant and
qual to ˆ D 
eq(b) 
66 
within 0.1% for larger sizes. Thus the justiﬁcation
f the choices ˆ D 
eq(c) 
22 
and ˆ D 
eq(b) 
66 
announced at the beginning of
ection 3 is accomplished. 
The ﬁndings for ˆ D 
eq 
12 
are signiﬁcantly different. The EPM value
lightly below unity – the same as for ˆ D 
eq 
11 
– is conﬁrmed neither
y G&P nor by DFF values, which are not shown, since they range
rom about 20 to almost 200. The accumulation of errors and the
oss of the lower-bound property mentioned above become mani-
est. For larger sizes the G&P values show a convergence tendency
o a value of about 1.5, which is around 50% greater than the EPM
alue L 0 / L s . Hence, for ˆ D 
eq 
12 
the EPM prediction is certainly not con-
rmed with similar precision as for the other three equivalent stiff-
esses. However, this does not yet mean that this EPM result is in-
orrect, since the accuracy of the G&P method is limited as well
nd not known. Please cite this article as: Y. Aoki, W. Maysenhölder, Exp
orthotropic-thin-plate model for bending of corrugated panels
http://dx.doi.org/10.1016/j.ijsolstr.2016.07.042 .4. Effect of arc-length per period 
In a second parameter study the inﬂuence of the ‘corruga-
ion strength’ is investigated for ﬁxed size in terms of the period
umbers p x =15 and p y =30. Thus the aspect ratio is always 1:2,
hereas the absolute size varies with the period L 0 . Again two sets
f sinusoidal panels are examined. In the ﬁrst set the period L 0 is
xed at 76 mm, while the corrugation height H 0 varies from 18 mm
o 60 mm. In the second set the height H 0 =54 mm is constant and
 0 varies from 76 mm to 320 mm. Both sets of results are plotted
ver the arc-length per period L s / L 0 , which increases with increas-
ng H 0 and decreasing L 0 . Larger L s / L 0 means stronger corrugation,
 s / L 0 =1 marks the ﬂat plate limit. The yellow stripe indicates the
ange of L s / L 0 values of the panels tested in the experiments (1.1 ..
.2). In fact, most of the off-the-shelf products are in this range. 
As the previous study has shown that the G&P method per-
orms signiﬁcantly better than the approximate DFF method, the
atter is no longer applied. According to the EPM predictions ˆ D 
eq 
11 
hould depend on L s / L 0 only, irrespective of the individual values
f L 0 and H 0 . This is conﬁrmed by the G&P values, which nicely
gree with ˆ D 
eq 
11 
= L 0 / L s ( Fig. 10 ). The same is true for ˆ D eq(b) 66 = L s / L 0 ,
hich shows the inverse dependence. ˆ D 
eq(a) 
66 
= 1 is again clearly
uled out. 
On the other hand ˆ D 
eq 
22 
depends on L 0 and H 0 separately. The
ifference between G&P values and ˆ D 
eq(c) 
22 
is less than ±1.2%. ˆ D eq 
22 
s mainly controlled by the corrugation height. As pointed out in
ection 2.3 and evident in Fig. 10 it does not approach unity in the
imit of inﬁnite period L 0 at constant H 0 > 0. The predictions ˆ D 
eq(a) 
22 
nd ˆ D 
eq(b) 
22 
(not shown in Fig. 10 ) can again be rejected, as the ﬁrst
epends on H 0 only and the latter is too high. 
With regard to ˆ D 
eq 
12 
the disagreement between the EPM predic-
ion ˆ D 
eq 
12 
= L 0 / L s ≤ 1 and the G&P values, which show a behav-
or similar to ˆ D 
eq 
22 
and are clearly larger than unity, becomes even
reater than in Fig. 9 . Although the G&P method tends to overes-
imate D 12 (according to Grediac and Paris (1996) the highest er-
or found for some orthotropic plates is 6.8%, for an isotropic plate
.1%), it is believed that they are rightly larger than unity in Fig. 10 .
For the ﬂat plate the method returns ˆ D 
eq 
12 
= 1 with three correct
ecimal places.) This suggests the conclusion that the EPM predic-
ion is incorrect. 
. Discussion 
In Section 2.3 numerous variants of Equivalent Plate Models for
orrugated panels have been compiled and examined. The ambigu-
ties regarding the expressions for ˆ D 
eq 
22 
and ˆ D 
eq 
66 
could be resolved
y means of the parameter studies in Sections 4.3 and 4.4 using in-
erse methods for determining the equivalent stiffnesses from the
our lowest-order vibration modes (1,1), (2,0), (0,2) and (2,2). The
nal selection of expressions from the literature is summarized in
able 4. 
These expressions have been used for the numerical calculation
f vibration modes of the plates equivalent to the corrugated pan-
ls studied in Section 3 . The corresponding numerical stiffness val-erimental and numerical assessment of the equivalent- 
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Fig. 9. Normalized equivalent stiffnesses for the sinusoidal proﬁle 76/18 ( h = 1 mm) obtained by various methods plotted over p x (set with p y = 15; blue lines and circles) 
or p y (set with p x =15; red lines and asterisks). The methods denoted by DFF (solid lines) and G&P (dotted lines) are described in Sections 4.1 and 4.2 , respectively. The 
horizontal lines mark the EPM predictions of Section 3 . The lines connecting the symbols are guides to the eye. 
Table 5 
Numerical values of equivalent stiffnesses [Nm] (rounded to three digits) for the panels 
studied in Section 3 according to the expressions in Table 4 (EPM) and obtained by the 
method of Grediac and Paris (G&P). 
Panel D eq 
11 
D eq 
22 
×10 −3 D eq 
12 
D eq 
66 
EPM G&P EPM G&P EPM G&P EPM G&P 
Sin76/18 16 .6 16 .5 8 .65 8 .71 5 .48 19 .4 7 .06 7 .05 
Sin111/27 16 .5 16 .5 19 .5 19 .8 5 .45 43 .0 7 .10 7 .10 
Sin160/42 16 .2 15 .2 47 .6 50 .2 5 .35 77 .8 7 .22 7 .22 
Trap76/15 50 .6 57 .8 10 .8 11 .9 16 .7 42 .9 21 .5 23 .7 
Trap111/22 50 .3 58 .9 24 .2 26 .0 16 .6 71 .1 21 .6 24 .2 
Trap160/34 49 .5 58 .8 59 .5 62 .9 16 .3 145. 22 .0 24 .9 
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ﬂues are given in Table 5 . For comparison the G&P values derived
from the numerical vibration modes are included. 
In Section 4 the Equivalent Plate Model was conﬁrmed with re-
markable accuracy except for ˆ D 
eq 
12 
= L 0 / L s , which appears to be sub-
stantially too small. However, when instead a ‘reﬁned’ value of 1.52
(see Fig. 9 ) is used in the calculation of the natural frequencies in
Section 3 , the changes are only marginal and would hardly be vis-
ible in Fig. 7 . This is not only true for the four low-order modes
of Section 4 , but also for the other modes shown in the ﬁgure.
Obviously, theses natural frequencies are almost unaffected even
by larger relative changes in D 
eq 
12 
. The decision to set D 
eq 
12 
to zero
( Easley and McFarland, 1969 ) might appear as not unreasonablePlease cite this article as: Y. Aoki, W. Maysenhölder, Exp
orthotropic-thin-plate model for bending of corrugated panels
http://dx.doi.org/10.1016/j.ijsolstr.2016.07.042 rovided D 
eq 
22 
>> D 
eq 
11 
, e.g. D 
eq 
22 
> 50 D 
eq 
11 
as suggested by Easley and
cFarland (1969) . 
Nevertheless, the disagreement with respect to ˆ D 
eq 
12 
discovered
n Section 4 is unsatisfactory from a theoretical point of view.
hereas most of the cited papers devote large space for the
erivation of D 
eq 
22 
, the remarks regarding D 
eq 
12 
or Poisson’s ratio νeq 
21 
re rather limited. νeq 
21 
was derived to be identical to that of the
onstituent material ( ˆ  νeq 
21 
= 1 ) using strain energy analysis ( Kress
nd Winkler, 2010; Xia et al., 2012; Ye et al., 2014 ). Others just as-
umed or adopted this identity, which according to Kress and Win-
ler (2010) , Xia et al. (2012) and Ye et al. (2014) holds not only for
exural but also for ‘in-plane deformations’. erimental and numerical assessment of the equivalent- 
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Fig. 10. Normalized equivalent stiffnesses for sinusoidal proﬁles of relative size p x =15 and p y =30 ( h=1 mm) obtained by the G&P method plotted over arc-length per 
period. H 0 =54 mm and varying L 0 : blue lines and circles; L 0 =76 mm and varying H 0 : red lines and asterisks; directions of increasing L 0 and H 0 indicated by arrows; EPM 
predictions: black lines (solid, dashed, dotted) . The yellow stripe encloses the range of L s / L 0 values of the panels discussed in Section 3 . The lines connecting the symbols 
are guides to the eye. 
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wWith a simple yet exact analytical calculation it can be shown
hat for non-vanishing corrugation – at least with regard to exten-
ional deformations – νeq 
21 
must be smaller than the material ν
21 
.
magine a uniaxial positive strain along the y-direction, i.e. along
he troughs and ridges. Then the local lateral contraction given by
he material ν
21 
is oriented along the curvilinear coordinate, i.e.
long the tangent of z m . The homogenized strain in x-direction is
btained by projecting the curvilinear strain component onto the
-axis and averaging over one period. Hence νeq 
21 
< ν
21 
. For sinu-
oidal proﬁles the result can be expressed in terms of the com-
lete elliptic integral of the ﬁrst kind, K , as deﬁned in Wolfram
athematica ®: 
ˆ eq 
21 
= 2 
π
K 
(
−
[ 
π
H 0 
L 0 
] 2 )
. (28) 
For ﬁxed L 0 , ˆ ν
eq 
21 
runs monotonically from 1 at H 0 =0 to zero at
 0 =∞ , i.e. it is strictly smaller than unity for H 0 > 0. (For the si-
usoidal proﬁle 76/18 it equals about 0.89.) This exact result con-
radicts the literature result ˆ νeq 
21 
= 1 and even more the numeri-
ally obtained values ˆ νeq 
21 
> 1 in Section 4 . The present paper leaves
he problem of a ‘correct’ or ‘optimal’ νeq 
21 
unresolved. 
In the literature validations of the Equivalent Plate Model were
arried out mostly by considering (i) various static loads on a small
pecimen (a unit-cell of the corrugation) with various boundary
onditions ( Briassoulis, 1986; Xia et al., 2012; Bartolozzi et al.,
014 ) or (ii) vibrations of larger specimens with simply supportedPlease cite this article as: Y. Aoki, W. Maysenhölder, Exp
orthotropic-thin-plate model for bending of corrugated panels
http://dx.doi.org/10.1016/j.ijsolstr.2016.07.042 nd clamped boundary conditions ( Samanta and Mukhopadhyay,
999; Liew et al., 2009 ). Special problems with D 
eq 
12 
are not men-
ioned. As to the vibrational modes Samanta and Mukhopadhyay
1999) and Kress and Winkler (2010 ) report that the lowest natural
requency (2,2) is about 4 to 6% higher than the EPM prediction.
he difference is larger for simply supported boundary compared
o a clamped boundary. This might be explained by the observa-
ion that simple support of a corrugated boundary also restricts
otational motions of the boundary, an effect that does not occur
ith the equivalent ﬂat plate. Similarly Liew et al. (2009) deal
ith the ﬁrst 20 natural frequencies (up to the ﬁfth bending mode
t most) and mention differences within around ±6%. With higher
ode index n (along the y-axis) the EPM prediction becomes
orse. In general, both papers using vibration tests agree with
he present ﬁnding that the Equivalent Plate Model is useful to
stimate low-order vibration modes only. In Section 3 higher
odes with errors up to about 30% are included in
ig. 7. 
Vibration tests with free boundaries have apparently not been
erformed previously. According to Dickinson (1978) , D 12 and D 66 
nter the natural frequencies separately, which could be a com-
lication for the Equivalent Plate Model compared to the clamped
nd simply supported boundaries, where these two stiffnesses act
s ‘total torsional stiffness’ in the combination D 12 + 2 D 66 only.
ree boundary conditions might therefore be regarded as a some-
hat more stringent validation case. erimental and numerical assessment of the equivalent- 
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Fig. A.1. Lower and upper limits of the z-integration. 
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 6. Conclusion 
The Equivalent Plate Model appears to perform rather accu-
rately for vibrations of rectangular corrugated panels with low
mode indices, in particular (1,1), (2,0), (0,2), (2,2), and in addition
( m , 0) and (0, n ) with m or n from 3 to about 10 or 5, respectively.
This was shown in the present paper for free boundaries within
a certain range of corrugation proﬁles, periods and heights. The
retrieval of equivalent bending stiffnesses from numerically calcu-
lated low-order modes allowed to resolve the ambiguities in the
expressions for D 
eq 
22 
and D 
eq 
66 
found in the literature. However, the
values retrieved for D 
eq 
12 
did not match the generally accepted the-
oretical result. In fact, the numerically determined (normalized)
stiffness was always greater than one and becomes larger with
stronger corrugation, while the theoretical result L 0 / L s (period over
arc-length) is below one and becomes smaller for stronger cor-
rugation. This discrepancy deserves further theoretical study. The
natural frequencies, though, of the low-order modes are predicted
quite well by the Equivalent Plate Model despite the theoretical
D 
eq 
12 
, because its effect is small, at least in the cases tested. 
It was found that the accuracy of the Equivalent Plate Model in-
creases with the size of the corrugated panel measured in units of
the period L 0 . In the limit of inﬁnite panels, D 
eq 
12 
enters the bend-
ing deformation only via the combination D 
eq 
12 
+ 2 D eq 
66 
, i.e. in effect
only three equivalent bending stiffnesses remain, which – in par-
ticular – determine the bending wave speed in the equivalent or-
thotropic thin plate as a function of propagation direction. Corre-
sponding theoretical studies could reveal, whether, in the absence
of boundary conditions, the Equivalent Plate Model faces similar
diﬃculties. If it performs signiﬁcantly better, then one could try
to extend the applicability of the model by introducing frequency-
dependent equivalent stiffnesses. 
By now the usefulness of the Equivalent Plate Model is strongly
limited to low-order modes, in fact well below the limit deduced
from the homogenization condition that the bending wave-length
should be clearly larger than the corrugation period. Obviously,
the model in its present form is too simple for a wider range of
validity. The ‘old story’ dating back to 1931 still poses intriguing
challenges. 
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Appendix. Explicit formulas for sinusoidal and trapezoidal 
proﬁles 
A. Sinusoidal proﬁle 
The z-coordinate of the middle surface of a sinusoidally corru-
gated panel, 
z m ( x ) = H 0 
2 
sin 
(
2 π x 
L 0 
)
, (A.1)
depends on two independent parameters, the period L 0 and the
height H 0 . With normalized coordinates (see Section 2.1 ) it simpli-
ﬁes to 
ζm ( ϕ ) = 1 
2 
sin ϕ. (A.2)
The arc-length per period can be expressed by the complete
elliptic integral of the second kind, E, as deﬁned in WolframPlease cite this article as: Y. Aoki, W. Maysenhölder, Exp
orthotropic-thin-plate model for bending of corrugated panels
http://dx.doi.org/10.1016/j.ijsolstr.2016.07.042 athematica ®: 
L s 
L 0 
= 2 
π
E 
(
−
[ 
π
H 0 
L 0 
] 2 )
. (A.3)
The integral ˜  needed for the equivalent stiffness ˆ D eq(a) 
22 
is eas-
ly evaluated as 
˜ = 3 
2 
(
H 0 
h 
)2 
. (A.4)
In contrast, the ζ -integration in ˜ ˜  has no analytical solution,
ecause the limits are not available explicitly in terms of ϕ. Illus-
ration of this problem is facilitated by going back to the original
-z-coordinates, since the usually different scale factors of the nor-
alizations distort the angles. The limits at a given x depend on
he slope angles αb and αt of the tangents at positions x b and x t 
ifferent from x (see Fig. A.1 ): 
 b ( x ) = z m ( x b ) −
h 
2 
cos αb , z t ( x ) = z m ( x t ) + 
h 
2 
cos αt , (A.5)
here the positions x b and x t are related to x by 
 = x b + 
h 
2 
sin αb , x = x t −
h 
2 
sin αt . (A.6)
For the sinusoidal shape (A.1) the slope angles α are deter-
ined by 
an α = π H 0 
L 0 
cos 
(
2 π x 
L 0 
)
. (A.7)
Thus an exact determination of x b and x t requires numerical
echniques. Of course, in the limit L 0 → ∞ an analytical expression
s recovered again, due to lim 
L 0 →∞ 
˜ ˜  = 1 + ˜  . 
. Trapezoidal proﬁle 
The trapezoidal proﬁle is often implicitly assumed to be sym-
etric ( Luo et al.,1992; Samanta and Mukhopadhyay, 1999; Liew
t al., 2009 ), such that the second half of the period is anti-
ymmetric to the ﬁrst half. However, commercial trapezoidal pan-
ls are usually of non-symmetric proﬁle consisting of two "hori-
ontal" beams and two "oblique" beams and speciﬁed by ﬁve inde-
endent parameters ( Fig. B.1 ). The r n are signed distances from the
eutral axis ( = x-axis) to the centers of the beams ( Hansen, 1993 ).
The arc-length per period is simply 
L s 
L 0 
= 1 
L 0 
4 ∑ 
n =1 
b n . (A.8)erimental and numerical assessment of the equivalent- 
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Fig. B.1. General trapezoidal proﬁle ( θ1 =θ3 =0, | r 1 |+ | r 3 |=H 0 , r 2 = r 4 ). 
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 The lengths projected onto the x-axis normalized to L 0 are 
n = b n cos θn 
L 0 
, 
4 ∑ 
n =1 
βn = 1 , (A.9) 
urther 
 1 sin θ1 = b 3 sin θ3 = 0 , 
 2 sin | θ2 | = b 4 sin | θ4 | = | r 1 | + | r 3 | = H 0 , r 2 = r 4 . (A.10) 
The integrals ˜  and ˜ ˜  for orthotropic material and general
rapezoidal proﬁle read 
˜ = 1 
L 0 h 2 
4 ∑ 
n =1 
(
12 r 2 n + b 2 n sin 2 θn 
)
b n cos θn , 
˜ ˜ = 1 
L 0 h 2 
4 ∑ 
n =1 
(
12 r 2 n + h 2 cos 2 θn + b 2 n sin 2 θn 
)
b n . (A.11) 
As in Hansen (1993 ), Liew et al. (2006 ) and Xia et al. (2012 )
hey were derived assuming that the trapezoidal proﬁle is com-
osed of four rectangular members which partly overlap at the
eam junctions. In reality, the proﬁle consists of four smoothly
onnected trapezoidal members as drawn in Fig. B.1 . The analytic
xpressions become quite complicated for this real proﬁle and are
ot shown here. The differences to the results ( A.11 ) are, however,
ery small. 
Substituting βn for b n and using Eq. (A.10) , 
˜ = 1 
h 2 
{
12 r 2 1 β1 + 12 r 2 3 β3 + 
(
12 r 2 2 + H 2 0 
)
( β2 + β4 ) 
}
, (A.12) 
˜ ˜ = 1 
h 2 
{(
12 r 2 1 + h 2 
)
β1 + 
(
12 r 2 3 + h 2 
)
β3 + 
(
12 r 2 2 + h 2 cos 2 θ2 + H 2 0 
)
× β2 
cos θ2 
+ 
(
12 r 2 2 + h 2 cos 2 θ4 + H 2 0 
) β4 
cos θ4 
}
, (A.13)
acilitates taking the limit L 0 → ∞ with r n and βn kept constant.
he angles θ2 or 4 vanish because of tan θ2 or 4 =H 0 /( β2 or 4 L 0 ). As
xpected ˜  does not depend on L 0 and 
˜ ˜  reduces to 
lim 
 0 →∞ 
˜ ˜  = 1 
h 2 
{(
12 r 2 1 + h 2 
)
β1 + 
(
12 r 2 3 + h 2 
)
β3 
+ 
(
12 r 2 2 + h 2 + H 2 0 
)
( β2 + β4 ) 
}
= 1 + ˜ . (A.14) Please cite this article as: Y. Aoki, W. Maysenhölder, Exp
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